The Feynman-Garrod path integral representation for time evolution is extended to arbitrary one-parameter continuous canonical transformations. One thereupon obtains a generalized Kerner-Sutcliffe formula for the unique quantum representation of the transformation generator, which can be an arbitrary classical dynamical variable. This closed-form quantization procedure is shown to be equivalent to a natural extension of the standard canonical quantization recipe-an extension that resolves the operator-ordering ambiguity in favor of the Born-Jordan rule.
The Feynman path integral [1] , as extended and generalized by Garrod [2] , provides an explicit and unique procedure for calculating the quantum theory time evolution transformation in coordinate reprentation from its purely classical canonical generator, the Hamiltonian function. As a byproduct, the elegant Kerner-Sutcliffe formula for the unique quantization of the Hamiltonian is obtained [3] , which turns out to resolve the operator-ordering ambiguity in accord with the Born-Jordan rule [4, 5] . In this paper the Feynman-Garrod path integration procedure is straightforwardly extended to the quantization of arbitrary one-parameter continuous classical canonical transformations, and a generalized Kerner-Sutcliffe formula is obtained for the unique quantization of their generating functions, which can be essentially arbitrary real-valued classical dynamical variables. This quantum representation is, of course, explicitly Hermitian, and has the property that the quantum representation of the Poisson bracket of a function of the canonical coordinate with a function of the canonical momentum equals (ih) −1 times the commutator of their individual quantum representations, which amounts to a natural extension of standard nonunique canonical quantization recipe. Indeed this extension also resolves the operator-ordering ambiguity in accord with the Born-Jordan rule, and provides an alternate route to the unique quantization embodied in the generalized Kerner-Sutcliffe formula. The discussion below is, for notational simplicity, initially restricted to a single degree of freedom; results pertaining to multiple degrees of freedom and the quantization of fields are given at the end.
An arbitrary infinitesimal transformation of the classical canonical variables (q, p) for a single degree of freedom may be written:
For this transformation to be canonical, the Poisson bracket {Q, P } of the transformed variables must be equal to unity. To first order of the above infinitesimal transformation, this implies that
Thus δP (q, p) is not independent of δQ(q, p). Indeed, in order to satisfy Eq. (2) above, one may express both δP and δQ in terms of a single, essentially arbitrary real function G(q, p) as follows:
where δλ is an infinitesimal parameter whose dimension is seen to be that of action divided by the dimension of the essentially arbitrary real-valued generating function G(q, p). If we put Eqs. (3) back into Eqs. (1), we obtain two coupled differential equations for the λ-parameterized continuous trajectory of successive canonical transformations which are produced by the particular generating function G(q, p):
The above continuous canonical transformation trajectory equations have the same form as Hamilton's equations of motion, which they become when the generating function G(q, p) is the classical Hamiltonian function H(q, p); in that case the dimension of the parameter λ is that of time. Just as Hamilton's equations of motion can be obtained from a stationary action principle, so also can the coupled equation pair for the one-parameter continuous classical canonical transformation trajectory of Eq. (4)-with an action that is completely analogous:
The corresponding quantum canonical transformation arising from λ-parameter values between λ 1 and λ 2 thus must, in coordinate representation, be given by the analogous path integralbut with weight functional exp(iS G (λ 2 , λ 1 ; [Q, P ])/h)-as one has for the quantum time evolution transformation in the well-known special case that G(q, p) is the classical Hamiltonian function H(q, p) [2] :
where ∆ n ≡ q n − q n−1 , q m+1 ≡ q f , and δλ ≡ (λ 2 − λ 1 )/(m + 1). Note the integrated averaging in Eq. (6) of G(q, p n ) over q-values between q n−1 and q n , which follows exactly from the standard picture of a polygonal approximating q-path that connects the neighboring nodes (λ 1 +(n−1)δλ, q n−1 ) and (λ 1 +nδλ, q n ) with the unique straight line segment joining them [1, 2, 3] . Many textbook treatments of the path integral approximate this technically crucial integrated q-averaging for neighboring nodes very crudely-or even ignore it altogether [1, 6, 7] . Poor approximations to this averaging have been defended on the ground that the neighboring-node q-values q n−1 and q n approach each other in the path integral limit [8] . That serious misconception is quickly dispelled by examination of Eq. (6), where it is seen that these neighboring-node q-values are integrated independently along infinite ranges, no matter how small δλ becomes as m → ∞. Given the complete analogy between the above mathematical structure describing general oneparameter continuous canonical transformations and its well-understood special case that the generating function G(q, p) becomes the classical Hamiltonian function H(q, p), we can immediately conclude that the quantum canonical transformation operator U G (λ 2 − λ 1 ) is unitary and expressible in the form exp(−i G(λ 2 − λ 1 )/h), where G (in alternate notation, (G(q, p)) op ) is the Hermitian quantum operator that corresponds to the real-valued classical generating function G(q, p)-which itself is an essentially arbitrary real classical dynamical variable. Thus we have that
a result that holds for any m = 0, 1, 2, . . . of the path integral approximating sequence of Eq. (6), and which makes it manifest that q f | G|q i is a Hermitian (continuous) matrix. Eq. (7) generalizes the Kerner-Sutcliffe quantization formula for classical Hamiltonians [3] to arbitrary classical dynamical variables. It may be contrasted with similar but inexact quantization formulas such as the "mid-point prescription" [7] , which have arisen from crude nonintegrated approximations to the exact path-integral neighboring-node q-averaging discussed above. As special cases of Eq. (7), we obtain the familiar results that
From Eqs. (8) we readily calculate the commutator of G 1 (q) with G 2 (p):
For the operator representation of the Poisson bracket of G 1 (q) with G 2 (p), Eq. (7) yields:
. (10) Thus, by comparing Eqs. (9) and (10) and taking note of the second one of Eqs. (8), we obtain
Eq. (11) is a natural extension of the nonunique standard canonical quantization recipe, which, in fact, turns out to resolve the latter's operator-ordering ambiguity. As a key example of such resolution of the operator-ordering ambiguity, one readily obtains from Eq. (7) that
namely the Born-Jordan ordering rule [4, 5] , which as well follows (by induction) from the standard canonical quantization recipe for just the commutation relations between q and p, provided one first applies the extended canonical quantization principle of Eq. (11) to obtain
Since arbitrary classical dynamical variables G(q, p) may be approximated by polynomials in q and p, the fact that Eq. (11) yields the same result as Eq. (7) for all such polynomials shows the equivalence of the natural extended canonical quantization principle of Eq. (11) to the generalized Kerner-Sutcliffe quantization formula of Eq. (7). For multiple degrees of freedom, it is readily shown that Eq. (7) becomes (see also Ref. [3] ):
from which one readily derives that the extended canonical quantization principle of Eq. (11) becomes
It is to be noted that the quantization of products of classical dynamical variables do not always factorize as one might naively expect. For example, from either Eq. (13) Finally, given a set of m real-valued classical dynamical fields φ k ( x) and their m respective canonically conjugate momentum densities π k ( x), where k = 1, . . . , m, the usual canonical quantization recipe [ φ j ( x), π k ( y)] = ihδ jk δ (n) ( x − y)
is extended by analogy with Eq. (14) to become the canonical quantization principle 
